ABSTRACT We have modeled platelet aggregation in a linear shear flow by accounting for two body collision hydrodynamics, platelet activation and receptor biology. Considering platelets and their aggregates as unequal-sized spheres with DLVO interactions ('Iplatelet = -15 mV, Hamaker constant = 10 -19 J), detailed hydrodynamics provided the flow field around the colliding platelets. Trajectory calculations were performed to obtain the far upstream cross-sectional area and the particle flux through this area provided the collision frequency. Only a fraction of platelets brought together by a shearing fluid flow were held together if successfully bound by fibrinogen cross-bridging GPIlb/llla receptors on the platelet surfaces. This fraction was calculated by modeling receptor-mediated aggregation using the formalism of Bell (Bell, G. 1. 1979. A theoretical model for adhesion between cells mediated by multivalent ligands. Cell Biophys. 1 :133-147) where the forward rate of bond formation dictated aggregation during collision and was estimated from the diffusional limited rate of lateral association of receptors multiplied by an effectiveness factor, -q, to give an apparent rate. For a value of qr = 0.0178, we calculated the overall efficiency (including both receptor binding and hydrodynamics effects) for equal-sized platelets with 50,000 receptors/platelet to be 0.206 for G = 41.9 s-1, 0.05 for G = 335 s-1, and 0.0086 for G = 1920 s-1, values which are in agreement with efficiencies determined from initial platelet singlet consumption rates in flow through a tube. From our analysis, we predict that bond formation proceeds at a rate of -0.1925 bonds/p.m2 per ms, which is -50-fold slower than the diffusion limited rate of association. This value of -is also consistent with a colloidal stability of unactivated platelets at low shear rates. Fibrinogen was calculated to mediate aggregation quite efficiently at low shear rates but not at high shear rates. Although secondary collisions (an orbitlike trajectory) form only a small fraction of the total number of collisions, they become important at high shear rates (>750 s-1), as these are the only collisions that provide enough time to result in successful aggregate formation mediated by fibrinogen. The overall method provides a hydrodynamic and receptor correction of the Smoluchowski collision kernel and gives a first estimate of 71 for the fibrinogen-GPIlb/llla cross-bridging of platelets. We also predict that secondary collisions extend the shear rate range at which fibrinogen can mediate successful aggregation. 
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INTRODUCTION
Platelet activation, adhesion, and aggregation play a major role in thrombosis, atherosclerosis, and restenosis after angioplasty. An injury to the vessel wall and exposure of tissue factor and collagen trigger a complex set of reactions resulting in prothrombin conversion,as well as adhesion and activation of platelets. Platelets can be activated by high shear stresses or by agonists (e.g., ADP, thromboxane, thrombin) released or produced as a result of coagulation reactions. The activation of the platelets involves shape change and release of ADP, as well as activation of glycoprotein IIb/Illa receptors [Frojmovic et al. (1991) ; Weisel et al. (1992) ]. [Bennett and Vilaire (1979) ; Marguire et al. (1980) ].
The shear stress-induced activation of platelets is observed only above shear rates of -3000 s-1 [Huang and Hellums (1993a-c) ]. ADP and other agonists can stimulate platelets and induce aggregation even for shear rates as low as 50 s-. ADP-induced aggregation of platelets in flow through tubes has been studied by Goldsmith and co-workers [Bell et al. (1989a,b; Goldsmith et al. (1994 Goldsmith et al. ( , 1995 ]. In those studies, the agonist-induced aggregation in Poiseuille flow was studied between mean shear rates of 50 to 2000 s-1 for the effects of shear rates, donor sex, ADP concentrations, and fibrinogen levels. They also report enhanced aggregation rates in the presence of red blood cells. Red blood cells (RBCs) not only increase the collision frequency because of augmented diffusion, but also enhance platelet aggregation by releasing ADP. Interestingly, RBCs can prolong the mean contact time during collisions in tube flow by -60% due to complex multiparticle interactions [Goldsmith et al. (1995) ].
Hellums and co-workers [Belval and Hellums (1986) ; Huang and Hellums (1993 a-c) In the present study, we present methods to predict the collision efficiency parameter E [an empirical parameter in the earlier studies of Huang and Hellums (1993a-c) and Bell et al. (1989a,b; ] systematically taking into account effects due to hydrodynamics and receptor interactions. The hydrodynamic effect on the collision frequency is calculated by considering platelets and their aggregates as solid spheres with DLVO interactions and performing trajectory calculations to obtain the far upstream cross-sectional area. Particle flux through this cross-section allows prediction of the particle collision frequency. Particles colliding together by the shear fluid flow are bound together if enough time is available for fibrinogen cross-bridging GPIIb/Illa receptors on the platelet surface. The successful collision frequency, including both receptor and hydrodynamic effects, has been included in a population balance framework to predict the size evolution of the aggregate population. Predictions have been compared with the experimental data of Bell et al. (1989a,b) and Huang and Hellums (1993) . Generalization of these methods to predict aggregation behavior of other cells or more complex binding chemistries may be possible.
THEORY
Size distributions of aggregating platelets in a shear field The population balance framework has been used to predict the size distributions of platelets undergoing spatially homogeneous, shear-induced aggregation in anticoagulated plasma [Belval and Hellums (1986) ; Huang and Hellums (1993a-c) ]. The PBE [Smoluchowski (1917) ] defines the rate of change of number density, Ni, of platelet aggregates comprised of i singlets (platelets) and is given as:
where f3(i, j) is the successful shear-induced collision frequency between aggregates comprised of i and j singlets, respectively. Eq. 1 is the discrete PBE without disaggregation. The first term on the right-hand side (RHS) of Eq. 1 represents the birth of particles with i singlets by aggregation of particles having fewer than i singlets (factor of 1/2 prevents double counting). The second term of the RHS is associated with the death of particles with i singlets as a result of them aggregating with other particles to form even larger particles. Solution of Eq. 1 (see Appendix) with appropriate initial conditions yields the evolution of aggregate number density distribution with time.
Collision frequency f3 (u, v) : hydrodynamic effects Assuming particles follow linear trajectories in shear flows by neglecting hydrodynamic interactions, Smoluchowski (1917) suggested the following expression for the collision frequency for two spheres of volume u and v undergoing shear-induced aggregation:
where G is the shear rate. Here particle volume represents the sum of the primary particle volumes comprising the aggregate. Belval and Hellums (1986) We present methods to systematically predict the collision efficiency E [which was an empirically determined parameter in the studies of Huang and Hellums (1993a-c) and Bell et al. (1989a,b; ] taking into account the interplay of shear flow hydrodynamics and platelet receptor biology and their effect on the evolution of particle size distribution. To include the effects due to these factors on the population dynamics, a modified collision kernel is defined as: [Michalopoulou et al. (1991) ]. After platelet activation, the rapid shape change of platelets results in a spherical cell with pseudopods [Frojmovic et al. (1991) ]. Recently, the hydrodynamics of spiked spheres has been described mathematically [Kim and Karrila (1991) The cross-sectional area, AC, is an area far upstream of the target particle through which the particles flowing are capable of impacting the target particle (Fig. 2 ). This area can be determined by performing trajectory calculations using Given the multiple behaviors that are likely to occur in the real system, we utilized a hybrid concept of the "swept contact area" to model the effects of hydrodynamics on aggregate formation over the range of approach trajectories and size ratios. At the instant of contact, an initial contact area (AO = -TrD2/4) is defined that depends on the particle roughness that scales with the particle diameter. After the instant of contact the approaching particle is then allowed to flow around the target to a position of 4 = 0 as a growing collisional contact area Aco11 for bond formation is swept out. The approach captures to a first-order approximation local convection effects on bond formation and the tendency of bonds to move to unstressed regions of the contact area. The overall approach is consistent with allowing bonds formed at earlier times to always contribute to aggregate stabilization by remaining in the contact area.
For [Bell (1979) ] and Nb << Nrec,i, Nrecj, the bond formation rate per unit area is given as:
This approach is consistent with aggregate creation dominated by the rate of bond association without significant The location (y*, z*) inside the upstream cross-section corresponding to (0', 4') were calculated by performing backward integration. Parameters T and Acoll were determined using Eqs. 15 and 17 for a given collision (0', 4') and then the condition given by Eq. 13 was enforced. If the condition was satisfied, the parameter P(y*, z*) was set to unity, otherwise it was set to zero. The procedure was repeated for the entire range of collisions over 0' and 4' (0 ' 0, 4 ' ir/2) to generate the function P(y*, z*), which was then used to calculate the receptor efficiency, Er, as: at different values of A are shown in Fig. 2 . The flux through this upstream area was used to calculate the total number of collisions (not all necessarily result in aggregation) between the aggregates. In Fig. 3 
Results from the above correlation are within 4% of the values shown in Fig. 3 Having calculated the hydrodynamics contributions of the problem, an estimate of the effectiveness factor q1 was needed to characterize the average and apparent rate of bond formation. Although phenomenological in nature, the effectiveness factor is commonly used to capture the overall kinetics of reactions in the presence of complex diffusion processes. The initial singlet consumption rate is the most appropriate data to estimate q for A = 1 since the complex collision dynamics of aggregates influence the initial rate to a far lesser extent at early times. For maximally activated platelets (Nrec = 50,000/platelet) and half-maximally activated platelets (Nre = 25,000/platelet) the overall efficiency t+h was calculated for q = 0.0178 (Table 2) for G = 41.9,335, and 1920 s-. Good agreement was obtained using i1 = 0.0178 with the values determined from initial platelet singlet consumption rates in flow of PRP through a tube [Bell et al. (1989) ' T is to apply the condition of colloidal stability for unstimulated platelets that have a low but finite number of active GPIIb/IIIa. In this approach, the head-on collision at 0' = 4' = ir/2, which has the maximum time for bond formation, is assigned a value of 'T such that the criteria in Eq. 13 are just satisfied. All collisions except perfect head-on collisions achieved by secondary collision fail to provide successful aggregation. In Table 3 , we report the value of effectiveness factors for which the population of unactivated platelets will be just stable for different values of receptor concentration (1000-10,000/platelet) on the unstimulated platelet surface. Again, we see that the estimated values of r for colloidal stability are in the same range as the value of '1 determined to predict singlet consumption in Table 2 . At G = 41.9 s-', the collision times are long; however, platelets with up to -5000 active receptors will fail to aggregate in plasma for q = 0.0178. Indeed, PRP without agonist stimulation will not aggregate at low shear despite low-level platelet activation during isolation when '10% of GPIIb/HIIa are active (Mazurov et al., 1996) .
In Fig. 4 A we present the hydrodynamic far upstream cross-section for G = 41.9 s-1 and A = 1. Also shown in the figure is the far upstream cross-section if particles were to follow linear trajectories (Smoluchowski limit Calculated initial collision efficiencies (er+h at t = 0 and A = 1) for an effectiveness factor of 7 = 0.0178 are compared with measured efficiencies for platelet aggregation at various average shear rates G in tube flow and times in PRP (300,000/,ul and 37°C) with 0.2 ,uM or 1.0 ,uM ADP stimulation. In the model for 1.0 ,uM ADP stimulation, the maximal level of GPIIb/IIIa receptors was set at 50,000/platelet, while for 0.2 ,uM ADP stimulation, the receptor level was set half-maximally to 25,000/platelet. *Data from Table 2 and 3 of Bell, 1989. to hold the colliding particles together. In Fig. 4 A, Er+h = 0.206 for q = 0.0178 and Nrec = 50,000/platelet. For the same value of 7 and Nrec, the corresponding upstream area for G = 335 s-and A = 1 are shown in Fig. 4 half the receptor concentration on the platelet surface are presented in Fig. 5 B for 41.9 and 335 s 1 (Eh is the same as in Fig. 5 A) . As expected, Er+h is highly sensitive to the number of active receptors. In the model, the calculation of Er+h depended on the bond formation rate and thus to the value chosen for the effectiveness factor, qr. In Fig. 5 (Table 2 ). In calculating these efficiencies, primary collisions dominate the total number of collisions. Secondary collisions (orbitlike trajectories, Fig. 6 ) constitute only a small fraction of the total number of collisions. However, at high shear rates (>750 s-1), these become important as these are the only collisions that are calculated to provide enough time to result in successful aggregate formation via fibrinogen. For these shear rates, the primary encounters result in glancing collisions far away from the stagnation point, producing an insufficient number of bonds during collision to hold the colliding aggregates together. The secondary upstream area forms a thin region just outside the primary hydrodynamic upstream area (based on which Eh was calculated) in the mirror image quadrant. At higher shear rates, particle flux through the secondary region was used for calculating the efficiency over the range of A. For G = 1920 s'-and A = 1, Er+h iS calculated to be 0.0086, a value in agreement with measurements of Bell et al. (1989) calculated considering platelets follow linear trajectories, while the hydrodynamic collision area is determined from detailed hydrodynamics interactions between colliding aggregates. Whereas the particle flux through the hydrodynamic cross-section represents the collision rate between aggregates of radii a, and a2, the fraction of these collisions that is successful is represented by the particle flux through the overall (hydrodynamic + receptor) upstream cross-section area. For calculating the cross-section area for successful aggregation, the effectiveness factor of fibrinogenGPIIb/IIIa interaction was taken to be 71 = 0.0178. aggregation. To date, neither direct nor secondary collisions have been visualized at higher shear rates.
The collision kernel Er+hIG as a function of G, A, and dNb/dt were employed in a population balance framework to (1989a,b; 1990) for platelet aggregation in citrated PRP flowing through a tube at a corresponding average G. Our predictions based on a single factor (71) obtained from singlet consumption data are in reasonable, though not complete, agreement with the observations. While maximal activation of receptors (50,000/platelet) is expected at high dosage of ADP (2 1 ,uM), for our calculations we assumed that only half the receptors are expressed at low dosage of ADP (0.2 ,uM). For shear rate of G = 41.9 s-1 and 50,000 receptors per platelet, we predict in Fig. 7 A very rapid aggregation and formation of extremely large aggregates, since ample time is available for bond formation during collision. Bell et al. (1989b) noted similar aggregate formation at 1 ,uM ADP at 41.9 s-1, as was seen at 335 s-1 (with a peak around 5000 platelets per aggregate at 43 s, as in Fig. 8 A) . However, at low shear rates of G = 41.9 s-I and high dosage of 1 ,M ADP 10 100 1000 10000 100000
Number of Platelets In the Aggregate G=41.9 sec-1, Nrec=25,OOO/pit 10 100 1000 10000 100000
Number of Platelets In the Aggregate stimulation at which near maximal activation of receptors is expected, aggregates containing > -10,000 singlets cannot be detected with an aperture diameter of 100 ,um used in a Coulter counter setup. For G = 41.9 s-1, the calculated distributions for 25,000 receptors/platelet were in good agreement with observed distributions for 0.2 ,uM ADP stimulation (Fig. 7 B) . However, a large singles peak that coexists with large aggregates seen in the experimental data was not predicted by our model. This singlet peak likely represents the inert fraction of platelets in the populations at modest levels of ADP stimulation. Indeed, Goldsmith et al. (1994) report only 76% of the platelets were activated at 0.2 ,M ADP and -89% were activated at 100 ,uM ADP under nonflow conditions. For G = 335 s-1 and 50,000 receptors/ platelet, the agreement with experiments was again seen to be quite reasonable (Fig. 8 A) . Number of Platelets In the Aggregate FIGURE 8 The overall collision efficiency calculated using two-body collision theory taking into account hydrodynamic effects and receptor interactions was used in a population balance to predict the evolution of size distributions of population of platelets aggregation in a shear flow. Size distributions at various times are shown for 50,000 GPIIb/IIIa receptors per platelet and shear rate of 335 s-1 (A) and 1920 s5-1 (B). The initial distribution (t = 0) is considered to be monodispersed, comprised of 300,000 singlet platelets per p1. Data is shown from Bell et al. (1989a,b) for citrated PRP (cPRP) and from Huang and Hellums (1993b) for heparinized PRP (hep PRP). To obtain the height of the peak for the observed distributions with 1 ,uM ADP stimulation, the size spectrum was again divided into bins in a geometric series such that the smallest size in the ith bin has 2' monomers and largest size has 21+l monomers. The volume fraction in each bin as a fraction of the peak volume fraction was calculated from the observed distribution and then the peak height was calculated by imposing the condition that the sum of the volume fractions in all the bins equal unity.
and sizes (Fig. 8 B) . To obtain the peak height for observed distributions with 1 ,uM ADP stimulation in Fig. 8, A and B, the peak height was calculated by imposing the condition that the sum of the volume fractions in all the bins equals unity. The agreement of the predicted distributions for G = 1920 s-1 and 50,000 receptors/platelet with observed data for 0.2 ,uM stimulation rather than 1 ,uM ADP stimulation was somewhat contrary to expectation, since this level of receptor concentration is more likely achieved at higher dosage of ADP (1 ,uM). For 1920 s'-and 25,000 receptors/ platelet, the predicted successful collision efficiency (q+h < 0.001) was so small that it could not be resolved numerically by our methods. Even at 50,000 receptors, we underpredict aggregation at 1 ,uM ADP stimulation of cPRP (Fig. 8 B) at G = 1920 s'-. The underprediction in the aggregation rates is likely explained by the fact that vWF is especially important in mediating aggregation at high shear rates, but is not considered in the model. Also, the flow through the porous aggregates, platelet protopods, and aggregate roughness are not included in the model-factors that are expected to increase the hydrodynamic and successful collision efficiency. Also, the size distribution data of Bell et al. (1989 a,b; ) is for platelet aggregation for flow in a tube, where a range of shear rates exist from the tube wall inward where G represents an average of the total range. Slower aggregation rates were observed by Huang and Hellums (1993) for platelet aggregation in heparinized PRP in a cone and plate viscometer setup (Fig. 8 A) at a slightly higher shear rate of 450 s-1. Although some disaggregation is expected for low ADP and G = 450 s-1, the differences in the experiments shown in Fig. 8 A are interesting since no lag time would be expected in heparinized PRP, while a lag time is expected for citrated PRP.
In Fig. 9 we present the predicted platelet singlet consumption rate for G = 41.9 s-1 and 335 s-1 for 50,000 and 25,000 GPIIbJHIa receptors per platelets. Also shown in the figure is the observed singlet consumption rates for whole blood (WB) and citrated PRP in tube flow [Goldsmith et al. (1994) [Goldsmith et al. (1994) ], thereby slowing the aggregation kinetics once reactive singlets are consumed. The relatively high efficiency of the initial platelet collisions at G = 41.9 s -(see Table  2 ) is in contrast to the relatively slow platelet consumption at longer times, as seen in Fig. 9 For an effectiveness factor of 71 = 0.0178 and apparent kf = 1.78 X 10-11 cm2/s, the initial singlet collision efficiency is predicted over a range of shear rates from 50 to 2000 s-1 (Table 2 ). The apparent rate of bond formation between fully activated platelets (50,000 receptors/platelet) in the presence of plasma levels of fibrinogen (8.8 ,uM) is on the order of 0.1925 bonds/p1m2 per ms. In plasma, only -500 GPIIb/IIIa receptors on each platelet are free for complexation with the fibrinogen-GPIIb/IIa receptors (49,500/platelet) on the opposing platelet. Also, this value of q = 0.0178 is consistent with the stability criteria for unactivated platelets in low shear, where bond formation is very favorable due to large contact times. This model predicts several aspects of platelet aggregation (excluding the effects of inert singlets in the experimental data) such as: 1) singlet consumption rates and particle size distribution evolution at varying shear rates and platelet activation can be characterized by a single reaction parameter, 71; 2) secondary collisions can provide sufficient time for fibrinogen mediated aggregation at high G; 3) fibrinogen is very inefficient at G = 1920 s in aggregating platelets; and 4) free GPIIb/IIIa in equilibrium with high fibrinogen (8.8 ,uM) is sufficient to mediate aggregation for G < 2000 s-1 if q1 is on the order of 10-2. Savage et al. (1996) have recently studied the mechanisms of platelet adhesion to various thrombogenic sur-faces. Platelet adhesion to the surface has been shown to be mediated through fibrinogen and vWF. Fibrinogen supports the platelet surface by binding to the GPllb/IlIa receptors, while vWF binding is through GPIba, and alb(33. Platelet deposition mechanisms to immobilized fibrinogen and vWF under flow are different in nature. The fibrinogen attachment was seen to be irreversible and was less efficient with increasing shear rates. On the other hand, vWF-mediated attachments were efficient for large shear rates, but became irreversible only gradually. Consistent with this finding, our calculations indicate that for the reactivity manifest at G = 41.9 s-1 where -1 = 0.0178, fibrinogen becomes very inefficient to mediate aggregation at high G and vWF is likely necessary to extend collision contact times at high G to allow successful aggregation in bulk shear flow.
The values of platelet Hamaker constant and electrostatic potential are not known very accurately, but they are not likely to be critical in predicting the platelet population evolution. Results with qi = -60 mV, where the platelet membrane potential was used instead of the zeta potential, gave similar results. More than two body collisions have been neglected in our calculations. This assumption is suitable for PRP where platelets are <1% by volume and may not be too limiting in whole blood, since the work of Goldsmith et al. (1995) has shown that only a modest prolongation of collision times at low shear rate is observed in the presence of high-hematocrit RBC ghosts.
The model is idealized in the sense that the initial platelet population is taken as completely uniform in size, shape (spherical), and active GPIIb/IIIa surface density. In [Pakdel and Kim (1991) ; DaCunha and Hinch (1996) (1987) . For a = 1.42 ,um, roughness on the order of 100 nm and permeability of 6.3 pIm2 [Frojmovic et al. (1990) ], the hydrodynamic radius of such a composite sphere was calculated to be only 0.5% more than the radius of the inner core, suggesting our representation of platelets as smooth spheres to be a reasonable one. The mobility functions in shear flow [A() and B(O)] to characterize collisions between porous particles are not known and are the subject of ongoing investigation beyond the scope of the present work. An approximate method to predict collision frequency between morphologically complex particles has been suggested by Li and Logan (1997); Kusters et al. (1997); and Torres et al. (1991) involving conducting trajectory calculations considering the composite sphere to behave as a smooth solid sphere with a radius equal to the hydrodynamic radius of the composite sphere, and the outer radius b representing the distance within which another aggregate must approach for collision to take place. DaCunha and Hinch (1996) also reached the same conclusion, that a rough sphere hydrodynamically behaves similarly to a smooth sphere and roughness only influences the distance within which particles are to be brought together for a collision to take place. This approach will be explored in the future to study the sensitivity to morphology on the collision dynamics of the platelets. Frojmovic et al. (1990) report that platelets can be viewed as oblate spheroids with aspect ratio 1/4. For length = 3.6 ,um and width = 0.9 ,um the hydrodynamic radius is calculated to be 1. 47 ,um [pg 148, Happel and Brenner (1983) For better understanding of multicellular aggregation mediated through multiple receptors [Taylor et al. (1996) ], tools need to be developed to analyze heteroaggregation behavior. These tools can then be applied to study the aggregation of platelets when some of the platelets are inert (or there is a distribution of receptors on platelet surfaces) and simultaneous platelet-platelet and platelet-neutrophil aggregation occurs in coagulating plasma. With an understanding of bulk aggregation, it may be possible to eventually predict platelet and neutrophil deposition rates and thrombus growth at a damaged vessel wall. FIGURE Al Behavior of mobility functions A((), B(), and C(() with dimensionless separation distance, (, between the colliding particles were needed to integrate Eq. 9 to perform the trajectory calculations. We have calculated the intermediate hydrodynamic behavior of two unequal-sized particles in a shear field by using the behavior in the asymptotic limits of small separation and very large separations. Also shown in the figures (dotted line) are behavior of these functions using detailed hydrodynamic solution as reported by Adler (1981a) and Batchelor and Green (1972) . Although here we only show the comparison for A = 0.5, agreement within 2% was also seen for other values of A of 0.1, 0.2, and 1 (not shown).
APPENDIX
Solution of the population balance equation
The two-body theory developed above to predict the collision frequency Er+h3G was used in a population balance framework to calculate the evolution of size distributions of platelets undergoing aggregation in a shear field. A large number of equations need to be simultaneously integrated as a result of PBE of the form shown in Eq. 1. To circumvent this problem, we use the sectional method suggested by Hounslow et al. (1988) . In this scheme, the size spectrum is divided into M sections in a geometric series such that the smallest size in the ith section has 2' monomers and the largest size has 2+ 1 monomers. The bookkeeping of particle number densities is performed in each of the sections and the rate of change of 
